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Pattern fitting: the Rietveld method
• Least squares minimization of:



XRD Pattern calculation: general formula

Texture (ODF)

Residual stresses 
(and cell parameters)

Crystallite sizes 
and microstrains

Crystal 
structure

Phase quantities

Film 
thickness



Informations: microstructure



Informations: microstructure



Informations: microstructure
• Crystallite sizes, anisotropic, distribution 
• Microstrain (III kind), distribution, dislocation or point defects density



Informations: microstructure
• Crystallite sizes, anisotropic, distribution 
• Microstrain (III kind), distribution, dislocation or point defects density

• Antiphase domains (intermetallics…) 
• Stacking and deformation faults probability, intrinsic, extrinsic



Informations: microstructure
• Crystallite sizes, anisotropic, distribution 
• Microstrain (III kind), distribution, dislocation or point defects density

• Antiphase domains (intermetallics…) 
• Stacking and deformation faults probability, intrinsic, extrinsic



Microstrain definitionResidual stresses

!'''

!'
!''

!

x

!' : Macrostress

!'' : Microstress

!''' : r.m.s. Microstress



Diffraction and interference



Diffraction and interference

Column with N planes

Incident beam Diffracted beam

Small grain



Diffraction and interference

N small

Column with N planes

Incident beam Diffracted beam

Small grain



Diffraction and interference

N large

N small

Column with N planes

Incident beam Diffracted beam

Small grain
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(00l) reflection

Diffraction from small crystals
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Scherrer formula

L is the volume average value



Line broadening: the simple Delft model

• The peak broadening is the result of the convolution of the 
instrumental and sample broadening 

• The broadening due to the sample is the convolution of the 
broadening due to the finite size of crystallites and the r.m.s. 
microstrain (a generalization for the effect of several defects) 

• The instrumental broadening can be described through the 
Caglioti formula 

• The Delft model for sample broadening (gives the integral 
breadths for the Gaussian and Lorentzian components):

Nanocrystalline Metallic Materials 19

reader is referred to Section 3.1, where the difference
between grain and crystallite size is discussed.

3.2.2. Line Broadening Diffraction
All crystal imperfections, including the finite size of a
grain or crystallite, give rise to a broadening of the
diffraction line profiles. To understand the physical rea-
sons of line broadening, a crystallite can be considered as
a finite regular grid of scattering points, through which a
coherent beam of radiation is passing, thus resulting in a
classical interference pattern. The summation of several
patterns result in a broadened line.

Point and line defects induce local distortions of the
lattice, with an associated elastic strain, usually called
root mean squared (r.m.s.) microstrain. These distortions
displace each diffraction component from its ideal posi-
tion in a statistical way, increasing further the broaden-
ing of the peaks. Planar defects instead cause broaden-
ing of the peaks by reducing the coherent domain size
only along certain diffraction planes. Moreover, they may
introduce an asymmetry and a displacement of the peak.

The first application of line broadening techniques is
due to Scherrer in 1918 [165], who determined the crys-
tallite size of colloidal particles. It should be noted that
his method neglects the presence of defects, so that the
entire broadening is attributed to a finite size of the crys-
talline domains. Dehlinger in 1927 [166] was the first
one to investigate the relationships between microstrains
and line broadening in cold rolled metals. But the most
important progress in this field is due to the subse-
quent works by Stokes and Wilson [167, 168], Bertaut
[169, 170], and, finally, Warren and Averbach [171–173],
based on a kinematical theory and using Fourier analysis
of the diffraction peaks.

We can group these methods under the general term
of analytical methods, as analytical functions are used to
evaluate diffraction parameters directly from the exper-
imental data. A second group is that of the so-called
model based methods, in which defect characteristics are
directly used to simulate line broadening. Therefore,
rather than general parameters, like half width at half
maximum or Gaussian content of the peak, dislocation
densities, planar defect probabilities, etc., are directly
obtained from the fitting. The early works of this kind
are due to Wilson [174] and, subsequently, Wilkens [175].
Later on, Ungár et al. [176] tried to model the line broad-
ening caused by the strain field associated with disloca-
tion lines. Warren [173] has developed the theoretical and
practical method to measure deformation, stacking and
twin fault probabilities in hcp, bcc, and fcc metals.

Recently, other methodologies have emerged to ana-
lyze the microstructure of materials by diffraction analy-
ses. One of the most widely used at the present time is
based on the so-called Rietveld method [177–179], consist-
ing of the fitting of the full pattern. Anisotropic crystal-
lite size and microstrains can also be analyzed assuming

a particular size distribution [180]. The Rietveld method
can even be used, in conjunction with the Warren theo-
ries on planar defects, to study deformation, twin faults,
and antiphase boundary probabilities [59].
A few examples will be discussed to illustrate the capa-

bilities and differences of an analytical [181] and a model
[59] method in the characterization of nXMM. In both
cases, it has to be considered that diffraction line broad-
ening, S!2"#, is composed of two contributions. One is
the intrinsic broadening, due to the instrumental and geo-
metrical conditions; the second one is the broadening due
to the microstructural defects of the sample. In particular
it is possible to write

S!2"# =
∫

SS!2" − z#SI!z#dz (8)

where SS is the sample broadening aberration and SI is
the instrumental broadening.
To obtain the crystallite size and other microstructural

parameters, the sample broadening has to be separated
from the instrumental one, using a standard well crystal-
lized specimen [182].

An Example of the “Analytical Method”: Warren–Averbach
Analysis of Ball-Milled NiAl In the classical Warren–
Averbach Analysis at least two peaks of multiple order
[e.g., (110) and (220)] should be measured. The exper-
imental profiles must be corrected for the instrumental
broadening contribution using the Stokes method [167].
The Fourier coefficients of the resulting profile provide
crystallite size and microstrain distribution. The sine coef-
ficients of the Fourier transform of the corrected pro-
file account for the asymmetry of the peaks, whereas the
cosine coefficients for the peak broadening. Therefore
the sine coefficients are usually disregarded and only the
cosine ones are used for the analysis. According to the
Warren–Averbach theory, the cosine coefficients can be
obtained as the product of the so-called size (S) times
the distortion (D) coefficients respectively:

An = AS
nA

D
n = Nn

N3
"cos 2$lZn# (9)

where, considering a pseudo-cell for which the diffracting
peak is the (00l), Nn is the average number of cells with
an nth neighbor along the direction [00l] perpendicular to
the diffraction planes, N3 is the average number of cells
per diffracting column along the direction [00l], Zn = n%n
is the component of the distortion along the direction
[00l], and %n is the microstrain for the n pair of cells in
the column.
From Eq. (9) we can recognize that only the distor-

tion coefficients depend on l and so it is possible to sep-
arate size from microstrain by plotting the coefficients
for different values of l using at least two diffraction
lines of different order (see Fig. 18). The crystallite size
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reader is referred to Section 3.1, where the difference
between grain and crystallite size is discussed.

3.2.2. Line Broadening Diffraction
All crystal imperfections, including the finite size of a
grain or crystallite, give rise to a broadening of the
diffraction line profiles. To understand the physical rea-
sons of line broadening, a crystallite can be considered as
a finite regular grid of scattering points, through which a
coherent beam of radiation is passing, thus resulting in a
classical interference pattern. The summation of several
patterns result in a broadened line.

Point and line defects induce local distortions of the
lattice, with an associated elastic strain, usually called
root mean squared (r.m.s.) microstrain. These distortions
displace each diffraction component from its ideal posi-
tion in a statistical way, increasing further the broaden-
ing of the peaks. Planar defects instead cause broaden-
ing of the peaks by reducing the coherent domain size
only along certain diffraction planes. Moreover, they may
introduce an asymmetry and a displacement of the peak.

The first application of line broadening techniques is
due to Scherrer in 1918 [165], who determined the crys-
tallite size of colloidal particles. It should be noted that
his method neglects the presence of defects, so that the
entire broadening is attributed to a finite size of the crys-
talline domains. Dehlinger in 1927 [166] was the first
one to investigate the relationships between microstrains
and line broadening in cold rolled metals. But the most
important progress in this field is due to the subse-
quent works by Stokes and Wilson [167, 168], Bertaut
[169, 170], and, finally, Warren and Averbach [171–173],
based on a kinematical theory and using Fourier analysis
of the diffraction peaks.

We can group these methods under the general term
of analytical methods, as analytical functions are used to
evaluate diffraction parameters directly from the exper-
imental data. A second group is that of the so-called
model based methods, in which defect characteristics are
directly used to simulate line broadening. Therefore,
rather than general parameters, like half width at half
maximum or Gaussian content of the peak, dislocation
densities, planar defect probabilities, etc., are directly
obtained from the fitting. The early works of this kind
are due to Wilson [174] and, subsequently, Wilkens [175].
Later on, Ungár et al. [176] tried to model the line broad-
ening caused by the strain field associated with disloca-
tion lines. Warren [173] has developed the theoretical and
practical method to measure deformation, stacking and
twin fault probabilities in hcp, bcc, and fcc metals.

Recently, other methodologies have emerged to ana-
lyze the microstructure of materials by diffraction analy-
ses. One of the most widely used at the present time is
based on the so-called Rietveld method [177–179], consist-
ing of the fitting of the full pattern. Anisotropic crystal-
lite size and microstrains can also be analyzed assuming

a particular size distribution [180]. The Rietveld method
can even be used, in conjunction with the Warren theo-
ries on planar defects, to study deformation, twin faults,
and antiphase boundary probabilities [59].
A few examples will be discussed to illustrate the capa-

bilities and differences of an analytical [181] and a model
[59] method in the characterization of nXMM. In both
cases, it has to be considered that diffraction line broad-
ening, S!2"#, is composed of two contributions. One is
the intrinsic broadening, due to the instrumental and geo-
metrical conditions; the second one is the broadening due
to the microstructural defects of the sample. In particular
it is possible to write

S!2"# =
∫

SS!2" − z#SI!z#dz (8)

where SS is the sample broadening aberration and SI is
the instrumental broadening.

To obtain the crystallite size and other microstructural
parameters, the sample broadening has to be separated
from the instrumental one, using a standard well crystal-
lized specimen [182].

An Example of the “Analytical Method”: Warren–Averbach
Analysis of Ball-Milled NiAl In the classical Warren–
Averbach Analysis at least two peaks of multiple order
[e.g., (110) and (220)] should be measured. The exper-
imental profiles must be corrected for the instrumental
broadening contribution using the Stokes method [167].
The Fourier coefficients of the resulting profile provide
crystallite size and microstrain distribution. The sine coef-
ficients of the Fourier transform of the corrected pro-
file account for the asymmetry of the peaks, whereas the
cosine coefficients for the peak broadening. Therefore
the sine coefficients are usually disregarded and only the
cosine ones are used for the analysis. According to the
Warren–Averbach theory, the cosine coefficients can be
obtained as the product of the so-called size (S) times
the distortion (D) coefficients respectively:

An = AS
nA

D
n = Nn

N3
"cos 2$lZn# (9)

where, considering a pseudo-cell for which the diffracting
peak is the (00l), Nn is the average number of cells with
an nth neighbor along the direction [00l] perpendicular to
the diffraction planes, N3 is the average number of cells
per diffracting column along the direction [00l], Zn = n%n
is the component of the distortion along the direction
[00l], and %n is the microstrain for the n pair of cells in
the column.

From Eq. (9) we can recognize that only the distor-
tion coefficients depend on l and so it is possible to sep-
arate size from microstrain by plotting the coefficients
for different values of l using at least two diffraction
lines of different order (see Fig. 18). The crystallite size
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Figure 17. Fitting by pseudo-Voigt functions of the (a) (001), (b) (002) peaks for the NiAl sample. Fitting residuals are displayed in the lower boxes
with the same scale respectively.

(or column length) distribution and its average value can
be easily computed from the size coefficients as

AS
n = Nn

N3
= 1

N3

inf
∑

i=!n!
!i − !n!"p!i" (10)

(

dAS
n

dn

)

n→0

= − 1
N3

(11)

where p!i" is the fraction of columns having length equal
to i cells, N3a3 is the mean column length along direction
[00l], and a3 is the cell length along [00l].
The Warren–Averbach approach has some limitations.

In fact, a low-noise spectrum is required; at least two
well separated peaks, of the same family of crystalline
planes, with different order [e.g., (110) and (220)] are
needed; long tails of the peaks should be available to
avoid truncation effects in the Fourier transform. Enzo
et al. [181] have developed a procedure to overcome most
of these problems by fitting the experimental data with

Figure 18. WA analysis for the sample and profiles of Figure 17: (a) Fourier coefficient plot and correction for instrumental broadening; (b)
crystallite size distribution; (c) Warren–Averbach log plot of the Fourier coefficients as a function of the interplanar distance; (d) r.m.s. microstrain
distribution.

an analytical function with a well known Fourier trans-
form. Figure 17 shows the results of the fitting proce-
dure, applied to two peaks of a NiAl intermetallic pow-
der ball-milled down to the nanometer range [183]. From
the profile fitting function of the two peaks it is possible
to subtract the instrumental broadening previously deter-
mined from a standard sample. The evaluated Fourier
coefficients are plotted in Figure 18a where both the size
and full coefficient are visible as a function of the param-
eter L = nd001 [for n see Eq. (9); d001 is the interpla-
nar spacing for the {001} plane]. Using Eq. (10), we can
compute the size distribution, as shown in Figure 18b
and the mean crystallite size $M% = 11 nm (see Sec-
tion 3.1). Figure 18c shows the Warren–Averbach (WA)
plot to determine the r.m.s. microstrain distribution from
the slope of the lines plotted for different values of n. The
resulting microstrain distribution, with the mean value
of 0.00665, is displayed in Figure 18d. The trend of the
microstrain distribution is nearly proportional to 1/L,
an indication that defects (line and point) are preferen-
tially localized along grain boundaries. Indeed, defects
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Figure 15. Different diameter definitions for a particle size: (a) Mar-
tin’s diameter, (b) Feret’s diameter, (c) maximum caliper diameter,
(d) equivalent circle diameter, (e) equivalent sphere diameter.

the effects of complex and irregular grain geometries,
often encountered in real materials, the diameter can be
defined in different ways, as shown in Figure 15.

What is typically quoted with reference to the grain
size of a nX material is its average value, as this is the
important parameter as concerns properties and appli-
cations. However, grain size distribution may also be
interesting to better qualify the material. The distribu-
tion can be defined in terms of frequency of diameter
values. Accordingly, the mean value can be defined in
different ways, as indicated in Figure 16: (a) mode—
size corresponding to the maximum of the distribution;
(b) median—size for which there are an equal num-
ber of smaller and larger particles; (c) mean—!M" =
∑N

i=1 nidi/
∑N

i=1 ni or arithmetic mean (see Table 1 for
other definitions of mean).

From the definitions in Table 1 the following relation-
ships can be inferred:

!M" ≤ !D" ≤ !Da" ≤ !DV "

where the equal sign applies in case of a monodis-
persed distribution only. As long as each distribution is
approaching a monodispersed character the average val-
ues will coincide.

Diffraction methods can be profitably used to estimate
the average grain size and grain size distribution (see

Figure 16. Different mean values definitions for a distribution of sizes.

Table 1. Mean particle size definitions for a distribution ni of
diameters di.

Name Definition

Mean length !M" =
∑N
i=1 nidi
∑N
i=1 ni

Length weighted or area-length !D" =
∑N
i=1 nid

2
i

∑N
i=1 nidi

Area weighted or volume-area !Da" =
∑N
i=1 nid

3
i

∑N
i=1 nid

2
i

Volume-weighted !DV " =
∑N
i=1 nid

4
i

∑N
i=1 nid

3
i

Section 3.2). Actually, in this field, the term crystallite,
rather than grain, is often used. Crystallite size is defined
as the length of the coherently scattering domain in
the direction normal to the scattering crystalline planes.
The first implication is that if there are defects inside
a grain (e.g. stacking faults, dislocation cell walls, etc.),
the coherent domain is interrupted by these defects and,
thereby, crystallite size is smaller than grain size. There-
fore, when referring to grain sizes as measured by diffrac-
tion methods, these would be better named crystallites.
Other experimental methods, for instance TEM or small
angle scattering, are rather suited to evaluate grain size
as, for different reasons, their determinations are not
affected by the presence of structural defects. This has
to be taken into the right consideration when comparing
grain–crystallite sizes measured by different techniques.

3.2. Diffraction Methods

3.2.1. Introduction
Diffraction can be used to study the microstructural char-
acteristics of nXMM as well as their phase composi-
tion and other features like texture, residual stresses,
etc. These techniques provide accurate data with an ele-
vated statistical relevance and are therefore rather popu-
lar among researchers involved with nX materials.

With respect to microscopy techniques, diffraction has
several advantages, especially as concerns sample prepa-
ration, statistically interpretable results, and ability to
reveal high defect concentrations.

Two diffraction methods are particularly interesting
and widely used to characterize nXMM: line broadening
analysis and small angle scattering (SAS).

In line broadening techniques, the shape of the diffrac-
tion peaks is studied to obtain information on crystal-
lite size distributions (see Section 3.1), dislocation den-
sities, point defect concentration, probabilities of planar
defects, like deformation and stacking faults, twins, and
antiphase boundaries.

Small angle techniques [small angle X-ray scattering
(SAXS), grazing incidence small angle X-ray scattering
(GISAXS), and small angle neutron scattering (SANS)]
are specifically recommended to investigate sizes and
distributions of nanograins embedded in a matrix. The

PROOFS ONLY



Distributions profiles in Maud

• Lognormal and gamma crystallite distributions

• Microstrain distribution:

D. Balzar et al. (2004). J. Appl. Cryst., 37, 911-924.
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Order-disorder transition in intermetallic

• Applications: 
• High temperature structural material 
• Oxidation resistance 
• Blade material for Gas turbine 

• Main problem: 
• Ductility (forming and shaping) 
• Brittle at low temperature 
• Disordered phase is more ductile 

• Materials: 
• FeAl, Ni3Al, NiAl, TiAl...
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Antiphase domains in Ni3Al
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Planar defects in α/β-brass

Stacking and deformation 
faults modeled using the 

Warren model

No faults assumed 
(deformation, twin etc.)

Ball milling for 48 hours



Disordering FeAl by ball-milling
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Defect analysis on ball-milled FeAl
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Analysis of nano-materials
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• Crystal structure refinement 
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• Amorphous/Disordered/Nano: 

• Pseudo-amorphous approximation 

• Debye computation (like the PDF but in the real space) 

• PDF
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We are not limited to one phase

INEL CPS 120˚ Ag Kα, capillary sample holder



Works with electron diffraction

We can apply the Blackman dynamical correction



TiO2 @ MARS-Soleil



TiO2 @ MARS-Soleil



are worse than those obtained with the TOPAS refinement.
This is because the latter result was accomplished with an
effective but empirical correction, which lacks physical
meaning. WithDIFFaX+ the price to pay to retain the physical
meaning of the calculated model of structure disorder is a less
good fit.

The refined coordinates were used to draw the crystal
structure of the trans-vacant layer (Fig. 6a). The structure plot
was rotated by 10.5! around the b axis of the monoclinic
system. With the rotation, it is possible to appreciate the
singularity obtained with the atomic position refinement.
Some of the O atoms of the tetrahedral layer tend to be shifted
towards the interlayer region, giving a corrugated aspect to the
tetrahedral layer.

Since the occupancy of the K atoms is lower than 100%, and
the literature formulates the hypothesis of the presence of
water in the interlayer region of illite, another refinement was
attempted, including the water molecules. In the interlayer
volume, the only site for the water molecules is the same cavity
that hosts the K atoms. Other sites within the interlayer
volume were explored but ruled out because of steric reasons,
as the distances between the cations and the framework O
atoms would have been too short. The molecule was included
as an O atom in the same position as the K atoms and its
population refined. With this refinement, the agreement
factors (Rwp = 21.50%) slightly decreased. As for the K atom,
the average distance between the O atom of the water mole-
cule and the basal O atoms of the tetrahedral layer is 3.026 Å.
For the sake of completeness, an H atom was also included in
the structure model. The best position in the interlayer region
of an ideal monoclinic 1M cell was searched using the program
Valist (Wills & Brown, 1999), developed for locating hydrogen
bonds with bond valence analysis. The calculated H-atom
(Hw) coordinates were included in the refinement and kept
fixed during the refinement of the other parameters. The
obtained values for the O—H distance (0.98 Å) and H—O—H
angle (104.41!) of the water molecule (see again Table 5) are
close to the expected values. The distance of the H atom from

the tetrahedral O atoms is 1.92 Å and the O—H" " "O angle is
149.11!. These values are in accordance with the results found
for water in other clay minerals (Sposito et al., 1999; Boek &
Sprik, 2003; Hou et al., 2003; Wang et al., 2004), where the
chemical environment of water in the interlayer region was
studied using a total radial distribution function (RDF). In the
case of montmorillonites (Na and K montmorillonite), Sposito

research papers

J. Appl. Cryst. (2008). 41, 402–415 Alessandro F. Gualtieri et al. # The clay mineral illite-1M 411

Figure 6
The plot of the refined structure model of illite-1M rotated by 10.5!

around the b axis of the monoclinic system in order to appreciate the
singularity obtained with the atomic position refinement. In fact, basal
atoms O1 and O2 of the tetrahedral layer tend to be shifted, giving a
corrugated aspect to the tetrahedral layer. (a) The structure with the
interlayer K atoms; (b) the structure with the interlayer water molecule
with O" " "H contacts.

Figure 5
The graphical output of the refinement using DIFFaX+, with the
observed, the calculated and the difference curve. See text for details.

Smectite layers and interlayers water



The material
• STx-1 Ca-montmorillonite from Texas (american Clay Society)  

• Samples prepared by cold pressing (uniaxial) 

• Sample 1: 10 MPa / 7 days   (porosity: 36.5 %) 

• Sample 2: 15 MPa / 10 days (porosity: 17.4 %) 

• Thomsen parameters:

sample ε ϒ
1 0.06 0.02
2 0.24 0.1
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Rietveld texture analysis
• Maud program: images sampled in 72 patterns 

• Crystal structure refinement: Rietveld with fragments  

• Microstructure:  

• Popa anisotropic model for crystallite sizes and microstrains 

• Single Layer model for turbostratic disorder 

• Texture: standard functions (EWIMV in the first step) 

• Phases: Montmorillonite, Opal-CT, Quartz



Crystal structure refinement (texture)



DiffaX+ simulation
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Turbostratic disorder: reciprocal lattice

Ufer et al., (2004), Z. Kristallogr. 219: 519-527



Single layer model

Ufer et al., (2004), Z. Kristallogr. 219: 519-527



Final model: 00l and line broadening

00l intensities are 
computed from the 
original structure 

(no supercell)

Additional 
or reduced 
broadening

Ufer et al., (2004), Z. Kristallogr. 219: 519-527



Single layer model - ideal structure



 Final crystal structure refinement



Crystallite sizes & microstrains
hkl direction Crystallite size (Å) Microstrain (x10-3)

001 196 17.5

010 427 0.053

100 622 0.11

110 679 0.32

hkl direction Crystallite size (Å) Microstrain (x10-3)

001 293 22.3

010 434 0.023

100 686 0.01

110 655 1.75

Sample 1

Sample 2



Other results

Sample Opal-CT Quartz

1 8% 0.2%

2 7% 0.3%

• No Al in cis-sites 

• Water/Ca occupation around 40%
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